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Abstract. We study the quantum transport of bosons through a quantum dot coupled to
two macroscopic heat baths L and R, held at fixed temperatures TL and TR respectively. We
manage to cast the particle as well as the heat current into the Landauer form. Following
the correlation matrix approach, we compute the time-dependent mutual information of the
dot with the baths. We find that mutual information goes logarithmically as the number of
bosons, and at low temperatures, it is possible to set up the parameters in such a way that in
steady-state, the mutual information goes quadratically as a function of current.
1. Introduction
Quantum entanglement [1] has proven to be a useful quantity to probe in a variety of phenomena.
The last decade or so has seen a great proliferation of activity at the interface between quantum
information and condensed matter physics [2, 3], two disciplines that have been traditionally
considered to be distinct and rather far apart. One specific context in which this merger
has shown itself to be particularly interesting, is that of quantum transport. Although the
Landauer approach to quantum transport [4] [5] [6] has been around for many decades, and
has been developed extensively, only recently [7] has the connection between current through
a quantum dot, and the quantum correlations that develop between the dot and the leads in
a nonequilibrium setting, been shown to be intimate. A motivation for the current study is to
explore how this connection plays out when the statistics involved is bosonic, rather fermionic.
When bosonic degrees of freedom are involved, in addition to the particle current, a heat current
also becomes relevant [8, 9, 10]. The drive for the dynamics is generated by a temperature
gradient between the baths.
When quadratic Hamiltonians are involved, Wick’s theorem can be exploited to provide a
prescription for computing entanglement in the eigenstates in terms of the eigenvalues of an
underlying correlation matrix [11, 12]; this approach has been successfully employed in a variety
of contexts. However, the literature on entanglement in nonequilibrium phenomena [13], and
particularly for bosonic sytems [14], is relatively sparse. A nonequilibrium system typically
involves mixed states, where entanglement is rather hard to study. Mutual information, [15,
16, 17] which includes both classical and quantum correlations is one of the commonly studied
quantities in such a scenario, and we too adopt this for our study.
The layout of the current paper is as follows. In the next section, we describe our model,
and the Ohmic bath spectral density used, from which the parameters are obtained. In the
following section, we write down the exact non-equilibrium density matrices for the dot and the
baths. Introducing a new set of bosonic operators, we calculate the current in the subsequent
section. We learn that expressions for the particle current calculated and heat current calculated
are very similar, and can be recast in the Landauer form. Next, exploiting the fact that the
reduced density matrices have a thermal form at all times in the dynamics, the spectra of the
reduced density matrices can be related to the time-dependent correlation matrices. We work
out the expression for the von Neumann entropy of the subsystems and calculate the mutual
information. A results and discussion section then collects and compares current and mutual
information. The last section is reserved for conclusions and summary.
2. Model Hamiltonian
The model consists of a quantum dot in the center coupled to two bosonic baths - left L and
right R. The Hamiltonian can be written as
H = HL +HR +HD +HLD +HRD
HD = ǫdd
†d
HL,(R) =
∑
k∈L(R)
ǫkc
†
kck
HLD,(RD) =
∑
k∈L(R)
tk(c
†
kd+ ckd
†),
(1)
where ǫd is energy of the dot, ǫk is the k
th mode energy of a bath and tk is the coupling of the
dot and the kth mode. Throughout the paper we set h¯ = 1, e = 1 and kB = 1. One can obtain
the couplings tk from the spectral density function J(ω), for which a general expression is [18]
J(ω) =
N∑
k
t2kδ(ω − ωk). (2)
Following the standard approach for bosons [19], we model the baths using the Ohmic spectral
density with an exponential cut-off ωc at both ends (L,R) [20]:
J(ω) = ηωe
−ω
ωc , (3)
where η is the damping/friction constant. Integrating in a small ∆ω window around ωk, we
obtain
tk =
√
ηωke
−ωk
ωc ∆ω. (4)
3. Non-equilibrium density matrix
Initially the left and right baths are separately in equilibrium, each at zero chemical potential
and different temperatures TL and TR respectively. So the initial state of the system can be
described by
ρ(0) = ρL(0) ⊗ ρR(0) ⊗ ρD(0), (5)
where the left and the right baths are in thermal equilibrium:
ρL(0) =
exp(−βLHˆL)
ZL
, ρR(0) =
exp(−βRHˆR)
ZR
, (6)
and the dot’s state is represented as ρD(0) = n0d
†d + (1 − n0)dd
†. At t = 0, the coupling
Hamiltonian HLD,(RD) is turned on and the unitary time evolution of the density matrix
ρ(t) = e−iHtρ(0)eiHt is governed by the Hamiltonian in Eq. 1. The Hamiltonian becomes
diagonal when expressed in terms of new bosonic operators aα =
∑N
i=1 ψα(i)ci, where ψ(i) is
the ith eigenvector of H corresponding to eigenvalue ei [7], where N is the total number of levels
including the baths and the dot, N = NL +NR + 1, NL and NR being the energy-levels in the
left and right baths respectively. The N th index is used for the dot.
4. Current in Landauer form
The left(right) particle current is the rate of change of occupancy of left (right) bath.
IL/R(t) = −
d〈NˆL/R〉
dt
= i
∑
i∈L(R)
ti
〈
(ci(t)c
†
N (t)− c
†
i (t)cN (t))
〉
. (7)
The overall current is defined as I(t) = IL(t)−IR(t)2 which simplifies to [7]
I(t) =
∑
k
t
′
k
N∑
i,j,p=1
Im
(
ψi(N)ψ
∗
j (k)ψ
∗
i (p)ψj(p)e
i(ei−ej)t
)
fp, (8)
where t
′
k = tk if k ∈ L and t
′
k = −tk if k ∈ R and fp is the Bose Einstein function f(ǫp, TL) for
modes on the left bath, f(ǫp, TR) for modes on the right bath and n0 for the dot population.
The Landauer form of the current is [21]
I(E) =
∫
T (E)
(
fL(E)− fR(E)
)
dE, (9)
where the T (E) is the transmission function and fL and fR are the distribution functions for
the left and the right bath respectively. The symmetry present in the energy levels and the
coupling constants of the baths allows us to express the current in the Landauer form as
I(t) = 2
NL∑
p=1
NL∑
k=1
tk
N∑
i=1,3,.;j=2,4.
Im
(
ψi(N)ψ
∗
j (k)ψ
∗
i (p)ψj(p)e
i(ei−ej)t
)(
fB(TL)− fB(TR)
)
. (10)
In analogy with the particle current, one can work out the expression for the heat current as
JL/R(t) = −
d〈HˆL/R〉
dt
= i
∑
i∈L(R)
tiǫi
〈
(ci(t)c
†
N (t)− c
†
i (t)cN (t))
〉
. (11)
The expression for heat current has the same form as the particle current:
J(t) =
∑
k
t
′
kǫk
N∑
i,j,p=1
Im
(
ψi(N)ψ
∗
j (k)ψ
∗
i (p)ψj(p)e
i(ei−ej)t
)
fp. (12)
One can also recast the heat current into Landauer form as in Eq.10 with tk replaced by tkǫk.
5. Mutual information
We wish to study the evolution of the quantum correlations between the quantum dot and the
baths. Since the initial state is mixed, von Neumann entropy is unsuitable as a measure of
entanglement. Therefore we study mutual information which measures the total correlations:
quantum and classical. The mutual information between the dot and the baths is defined as
S = SD + SLR − Sfull, (13)
where SD = −Tr(ρDlnρD), SLR = −Tr(ρLRlnρLR) and Sfull = −Tr(ρlnρ) corresponds to the
von Neumann entropies of the dot, baths and the full system respectively. It can be shown that
the reduced density matrices have a thermal-like form at all times in the dynamics [7]. This
fact allows for the characterization of the reduced density matrix of a subsystem by the single
particle correlators only [12]. Then the von Neumann entropy SG of a subspace G is given
as [11, 22]
SG =
NG∑
σ=1
[(1 +Cσ)ln(1 + Cσ)− Cσln(Cσ)], (14)
where Cσ are the eigenvalues of the correlation matrix defined within subspace G and NG is
the total number of sites in the subspace. The above formula is also valid for a time dependent
correlation matrix. Thus to calculate mutual information, we need to calculate the correlation
matrix of the baths and the dot at each time step and diagonalize it to obtain the eigenvalues.
6. Results and discussion
We now present numerical results for a large but finite system with NL=128, NR=128 sites in
the left and the right bath respectively. We have verified that this system size is large enough
to have converged to the thermodynamic limit (by the indistinguishability of data obtained for
all the quantities from a system of half the size). To generate the spectral density defined in
Eqn. 3, we choose the cut-off ωc = 20 and discretization ∆ ≡ ωc/NL. The energy levels in each
of the baths range uniformly starting from a small positive value of ∆ upto ωc in steps of ∆.
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Figure 1: Variation of particle current I, heat current J and mutual information S with time.
A nonequilibrium steady state is attained at long times.
The following quantities: particle current I, heat current J and mutual information S are
plotted in Fig. 1 as a function of time. We see a close relationship between I and S as well as
J and S. Greater the current is, greater are the correlations between the baths and the dot.
Thus non-equilibrium current works as a physical observable to measure the correlations in the
system [7]. Since the transient behaviour of the current and the mutual information involves
rapid changes, we focus on their steady state values. We define a dimensionless ratio r = TL−TRTL+TR
and plot the steady state value of the current I∞ and the mutual information S∞ for different
ratios r.
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Figure 2: The steady state value of current and mutual information plotted against the ratio
r for various temperature differences. The steady state value of current only depends on the
temperature differences as depicted by the inset. S∞ decreases on increasing r, or increases on
increasing both TL and TR.
From Fig. 2, we see that the current depends only on the temperature difference TL − TR at
high temperatures, which is a direct consequence of the Landauer formula. We also observe that
S∞ increases on increasing both TL and TR. Higher temperatures TL and TR correspond to a
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larger total number of bosons NT in the left and the right baths respectively and hence greater
the correlations between the baths and the dot. Fig. 3 shows that S∞ is found to be logarithmic
with respect to NT for large NT . Such behaviour has been reported before [22].
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Figure 4: The relationship between the steady state value of mutual information and current
(particle I∞ and heat J∞). Inset shows the fitting of one curve to quadratic form ax
2 + bx+ c.
Average temperature T = TL+TR2 increases along the pointed direction.
We now proceed to study the behaviour of S∞ with respect to I∞ and J∞. Fig. 4 are obtained
by noting the steady state values of the current (particle and heat) and the mutual information
for different temperature differences. Each curve corresponds to a particular ∆T . When the
temperature is low and the current depends explicitly on the temperature, we see by the fit
that the S∞ goes quadratically as a function of I∞/J∞. In the limit of large temperatures, the
current saturates to the highest possible value but the mutual information keeps on increasing.
Here we have shown data for just one representative sample of parameters ǫd = 20, η = 0.5,
where a clean quadratic relationship between mutual information and current is obtained.
7. Summary and conclusions
We studied transport through a bosonic dot as well as the dynamics of correlations between the
dot and the baths by means of mutual information. Exploiting the symmetries present in the
bath energies and the couplings, we were able to cast the expression for current in Landauer
form. Analogously with the fermionic version [7], the similarities in the current and the mutual
information motivated us to further study the relationship between them. We found that with a
suitable choice of the parameters, the steady state mutual information S∞ depends quadratically
on the steady state current I∞ and J∞, particularly when the initial temperatures TL and TR
are low. We also found that this steady state value of mutual information varies logarithmically
with the total number of bosons present in the system. Our findings here are for a simple
noninteracting bosonic model, and it would be interesting to investigate how general these
relationships can be. We are currently in the process of studying a more “realistic” Hamiltonian
of bosons, that has position-position coupling giving rise to pairing terms. Also in progress is
work studying other parameter regimes, where oscillatory steady states are found, and where
the relationship between current and mutual information is less systematic.
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